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!>• ! Abstract 

m 

We consider two different physical systems for which the basis of the Hilbert space 

OO ■ 

can be parametrized by Young diagrams: free complex fermions and the phase model 

OO ! 

of strongly correlated bosons. Both systems have natural, well-known deformations 
parametrized by a parameter Q: the former one is related to the deformed boson-fermion 
correspondence introduced by N. Jing, while the latter is the so-called Q-boson, arising 
also in the context of quantum groups. These deformations are equivalent and can be 
realized in the same way in the algebra of Hall-Littlewood symmetric functions. Without 
a deformation, these reduce to Schur functions, which can be used to construct a gener- 
ating function of plane partitions, reproducing a topological string partition function on 
C 3 . We show that a deformation of both systems leads then to a deformed generating 
function, which reproduces topological string partition function of the conifold, with the 
deformation parameter Q identified with the size of P 1 . Similarly, a deformation of the 
fermion one-point function results in the A-brane partition function on the conifold. 
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1 Introduction 



In this paper we consider two different physical systems with the same underlying 
structure: free complex fermions in two dimensions, and a chain of strongly interacting 
bosons. In both cases the relevant Hilbert spaces have a basis parametrized by Young 
diagrams, and elements of these basis can be represented by Schur functions. In particular, 
in the case of free complex fermions the mapping to Schur functions is a part of the well- 
known boson- fermion correspondence [H E]. There is a similar relation in the chain of 
interacting bosons, which originates in a non-standard algebra they obey. 

Here we will be mostly interested in deformations of the above systems. In the context 
of free fermions, a particularly interesting class of such deformations is related to the 
classical boson-fermion correspondence. The deformation we are mainly concerned with 
was introduced by N. Jing [Hill]. It maps the states in the fermionic Hilbert space to the 
Hall-Littlewood symmetric polynomials Q\, which are a one-parameter generalization of 
Schur functions. One can also introduce the vertex operators T±(y), which acting on the 
vacuum |0) generate states |A) corresponding to Young diagrams A, and the coefficients of 
this expansion turn of to be the second species of Hall-Littlewood functions P\ 



In general there are more generalizations of the boson-fermion correspondence which are 
related to other families of symmetric functions [5]. 

The other system we analyze is the so-called Q-boson model, describing strongly inter- 
acting bosons on a chain [HI [7]. The Q-boson model is an integrable system, which can be 
solved within the framework of the Quantum Inverse Scattering Method 0IB]- The alge- 
bra underlying the Q-boson model is more complicated than the standard bosonic algebra, 
and it arises also in the context of quantum groups [9]. This system has an interesting 
limit of infinitely strong coupling, which corresponds to Q — 0. This limit is called a phase 
model, which is also the so-called crystal limit of the quantum groups (TU]. The basis of 
the Fock space of the Q-boson model, and in particular its phase model limit, can also be 
parametrized by Young diagrams. Due to particular properties of the phase model algebra, 
this Fock space can also be represented by Schur functions, similarly as is the case for free 
complex fermions [TT]. It then turns out that Q-boson model can be realized in the space 
of symmetric functions also in such way, that its states are mapped to the Hall-Littlewood 
polynomials [12]. We discuss how, in a particular realization (which differs from the one 
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in P2] by normalization of states), the Hall-Littlewood polynomials in question are pre- 
cisely Q\ which also arise in the context of the deformed boson-fermion correspondence. 
This relation allows to identify, in the limit of infinite Q-boson chain, the states of the 
deformed free fermions with those of the Q-boson model. In particular, in the framework 
of the Quantum Inverse Scattering Method one introduces certain creation operators B{u) 
which acting on the vacuum generate Q-boson states corresponding to partitions with 
coefficients also given by the Hall-Littlewood polynomials 



In the limit of infinite chain the right sides of (ED) and (j2J) are the same, and (taking into 
account the subtlety concerning the zero-energy states) we can identify the two systems. 
In particular the vertex operators T_(y 2 ) are mapped to the creation operators B(u). 

Both systems mentioned above can also be used to compute generating functions of 
plane partitions of various shape. For free fermions (without any deformation) the counting 
is performed in terms of the vertex operators T±~°(yi) with a deformation parameter Q = 
and by specializing the values of yi to certain values [TU [15], [16] . These generating functions 
arise as overlaps of states of the form (0Q) (with Q — 0) . Similarly, generating functions 
of plane partitions can be found in the phase model [HJ [[3] as overlaps of states of the 
form ([2]) with Q = and a particular choice of Uj. Due to the connection between the 
topological string theory and the counting of plane partitions |17| . the generating functions 
obtained in this way turn out to be equal to the partition functions of topological strings 
on certain backgrounds [TBI LTBl EH EQ] ■ In particular, plane partitions in the unrestricted 
octant of Z 3 lead to the partition function of C 3 given by the MacMahon function M(q) 

In the present paper we generalize the counting of plane partitions to the case of the 
deformed systems. Our main observation is the fact that replacing, in the computation of 
the MacMahon function, the vertex operators (or respectively creation operators B{u)) by 
their deformed counterparts, one obtains the partition function of the topological string on 
the resolved conifold. The deformation parameter Q is then identified with e~ f , where t is 
the Kahler parameter of the conifold. Similarly, the fermion one-point function generalizes 
from those of the A-brane in C 3 [18] to the one of the A-brane in the resolved conifold. It is 
therefore quite interesting that some natural deformations of the three seemingly unrelated 
systems - free fermions, strongly correlated boson, and topological strings - are in a sense 
the same. 
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The paper is organized as follows. In section [2] we review the deformed boson-fermion 
correspondence and its realization in the space of symmetric functions in terms of Hall- 
Littlewood polynomials. In section [3] we introduce the phase model. In section [4] we discuss 
its deformation to the Q-boson model, as well as its realization in the algebra of symmetric 
functions in terms of the same Hall-Littlewood polynomials as the deformed free fermions. 
In section [5] we discuss how free fermions or phase model can be used to compute generating 
functions of plane partitions, how they relate to the topological strings on C 3 , and how 
the deformation of both systems leads to the topological strings on the conifold. A short 
review of a theory of symmetric functions and in particular Hall-Littlewood polynomials 
is given in the appendix. 



2 Deformed boson-fermion correspondence 

Let us recall first the construction of the deformed boson-fermion correspondence [Hill]. 
We consider the infinite-dimensional Heisenberg algebra generated by 

[ot m , (X n \ - Q\m\ ^ m >-«' ip) 

One then constructs generalized fermionic fields 

ij){z) = v^{z)Y + {z)- 1 e iZo z a °, 

ip*(z) = r_(^)- 1 r + (z)e-^ o ^- D!o , (4) 

which are expressed in terms of the vertex operators 

r±(z) = exp ( ^—^a ±n z^ n ) . (5) 

n>± 

From the Campbell-Hausdorff formula we find that these satisfy the commutation relation 

r + (z)r_H = r_Hr + (^)^-^. (6) 

We also define the modes ip r ,ip* by 

1>(Z) = ^-V 2 , P{Z) = €z' r - 1/2 . (7) 

rez+| rez+| 
These modes satisfy the commutation relations 

{VV,^} = Q{i>r-li>8+l+i>8-li>r+l,) 

ir r ,r s } = q(«i+«,J (8) 

{Vv, €} = Q(A+i€-i + CfiVv-i) + (i - Q) 2 6r,- S . 
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There is the vacuum state |0) annihilated by all the positive modes 

Vv|0) = V*|0) = ° ; forr>0, 

as well as charged vacua 

\m) = ^-m+i/2-- * ^-3/2^-1/2 10)> form>0, 
\m) = V-m+i/2 •• -^-3/2^-1/210), form<0. 

In the undeformed case there is a one-to-one correspondence between free fermion states 
and two-dimensional partitions [2J. In the neutral sector the state 

d 

i^)=n^-^- 6i -iio) (9) 

8=1 

corresponds to the partition 

with number of rows I = /(/i), such that 

cii = Hi - i, bi = n\- i. 

The sequences (a*) and (foj) are necessarily strictly decreasing and they specify a partition 
in the so-called Frobenius notation 

„=( ai a2 ■ ■ adM ), (10) 

\ h b 2 ... b d{)l) J 

where d(n) denotes the number of boxes on a diagonal of a Young diagram of \i. We often 
describe the partition also by specifying how many rows rii(fi) of length i it has, which is 
denoted by 

^ _ ]_«i(A>2 n 2 0)3™3(/i) . . . 

It is easy to visualize this correspondence in terms of the Fermi sea. The vacuum |0) is 
given by a Fermi sea with all negative states filled and it is mapped to the trivial partition 
• . A nontrivial partition is most easily visualized if one draws it with a corner fixed at the 
edge of the filled part of the Fermi sea. Then, the positions of particles and holes are read 
off by projecting the ends of the rows and the columns of this partition onto the Fermi 
shown in figure [D 

The above correspondence can be generalized to the deformed case with the help of 
Hall-Littlewood polynomials. Let us first identify the space of bosonic modes with the ring 
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Figure 1: A standard correspondence between partitions and states for Q = 0. 
Positions of particles and holes are given by projecting the ends of the rows 
and the columns of a partition onto a Fermi sea. The partition drawn in 
the figure is fi = (5,2,2,1) = 1 1 2 2 5 1 and the corresponding state is = 

2 2 2 2 



of symmetric functions by the mapping i which associates a_ n to the Newton symmetric 
polynomial 

i(a- n ) = p n . 

This mapping is the isometric isomorphism. The main contribution of [3, 0] is the realiza- 
tion that this isometric isomorphism extends to the full deformed spaces of bosonic modes, 
and the images of fermionic states are Hall-Littlewood polynomials. In particular, the 
state obtained by application of m creation operators n on the charged vacuum | — m) 
is mapped to 

i{\^))=i{r- rm ---r-r l \-m)) = Q^ (12) 

where is the Hall-Littlewood function (Tl3l) associated to the partition /i = (/ii, /i 2 , . . .), 
such that the sequence (r*) is decreasing and 

1 

fjL i = n + i- -. 

The relations (1T21) and (1461 ) imply that 

TV 

J] r_( % )|0) = Px(yi, ...,vn\ Q)|A). (13) 

3=1 A 
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For Q = the relations jMED and (TT3l) reduce to those of the ordinary bosons and 
fermions, and the mapping ([T2l) associates fermionic states to the Schur functions (l39l) in 
the standard way [2] 

Q = i(|^))=i(V'-r m -V'l ri |-m» = v (14) 



3 Phase model 

In this section we consider a bosonic system based on the following algebra 

[iV,0] = -0, [N,tf]=<j>\ [0,0t ] = 7r; (15) 
with 7r = |0)(0| the projection to the vacuum. The operator is one-sided isometry 

= 1, 0+0=1- 7T. 

This algebra can be represented in the Fock space consisting of n-particle states \n), 
such that 

0t|n) = |n+l), 0|n) = |n-l), 0|O) = 0, iV|n)=n|n). 
The phase model is a model of a periodic chain with the hamiltonian (6J 0, [TT] 

1 - 

^ = -2 E W^h-i + ^Ifi - 2Ar 0' ( 16 ) 

with each set of operators 4>i,4>\, Ni satisfying the algebra (fT5l) and otherwise mutually 
commuting. The overall Fock space of the model is the tensor product of M + 1 Fock 
spaces 

M 

F = §§Fi. (17) 

i=0 

The operator of the total number of particles is given by 

M 



i=0 

The iV-particle vectors in this space are of the form 

M M 

I A) = (g) 1^),, where \m)i = (<f>]) nj \0) j , N = J] 



i=0 i=0 
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and we associate to it a partition A = l Ul 2 n2 . . .. In fact, this association is not quite 
unique: the partition A itself does not know about the number n of particles in the 
ground state |0)j. Nonetheless, if we fix the total number of particles N, we can deduce 
n = N — ri\ — n 2 — . . . = N — /(A), where /(A) is the number rows in A. 

The phase model is integrable and it can be solved in the formalism of the Quantum 
Inverse Scattering Method [8]. The solution is encoded in terms of the monodromy matrix 

T(u) = L M (u)L M -i(u) ■ ■ ■ L (u), 



which is a product of L-matrices associated to each site of the chain 



LAu) 



u- 1 4 

<j>i u 



i = 0,...,M, 



depending on the spectral parameter u. Each L-matrix, as well as the monodromy matrix, 
satisfies the intertwining relation 



R{u,v){Li{u) ®U{v)) = (Li(v)® Li(u))R(u,v) 
R(u,v)(T(u)®T(v)) = (T(v)®T(u))R(u,v), 



(19) 



with the .R-matrix 



R(u, v) 



f(v,u) 

o g(v,u) l 

g{v,u) 





with 



f(v,u) 



u 



u 2 — V 2 



, g(v,u) 







f(v,u) 
uv 



(20) 



The crucial objects in the following considerations are entries of the monodromy matrix, 
which we denote as 



T(u) = u 



-M 



{21) 



A(u) B(u) 
C{u) D{u) 

and which are operators acting in the Fock space (fTTl) . In particular, the operators B{u) and 
C(u) are respectively creation and annihilation operators, in the sense that they increase 
and decrease the total number of particles 



NB(u) = B(u){N + 1), NC(u) = C(u)(N - 1). 



(221 
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The operators A(u) and D(u) do not change the total number of particles. 

According to the Quantum Inverse Scattering Method, the eigenfunctions of the hamil- 
tonian are of the form 

N 

\y(u 1 ,...,u N )) = Y[B(uj)\0), (23) 

i=l 

provided that the parameters Ui satisfy the Bethe equations. Nonetheless, the states of 
this form are iV-particle states, and may be of interest even if the Bethe equations are not 
satisfied. 

As shown in pT} [T2] . there is the following isometry between the states (fTHI ) and the 
Schur functions ( 1391) 

M 

j{®\ni)) =s x , with A = l ni 2" 2 ... (24) 
This relation implies that the states (l23l have the following expansion in the basis ([P8j) 

At 

• • • , u N )) = ^ s a( m i, • • • , u%) \rn)i, (25) 

A i=0 

and the coefficients of this expansion are also the Schur functions. 

In the limit M — > oo the relation (1241 is the exact counterpart of the classical boson- 
fermion correspondence (fT4l . and we can identify the states of the phase model with those 
of the free fermion Fock space. Moreover, (l23l and (l25l imply that the operator B(u) 
can be identified with T®~°(u 2 ), which is Q = limit of (jSJ) UUH2]. Similarly, C(u) can 
be identified with r^ _0 (M 2 ). This is also the reason why the phase model can be used 
to compute the generating function of plane partition, similarly as in |16| . by choosing 
the parameters Ui appropriately. However, the phase model has an important advantage: 
when M is finite, the operators B{u) and C{u) generalize T^ -0 , and are still manageable to 
manipulate, which allows to compute explicitly the generating function of plane partitions 
in a box of finite height [TT], [13]. 

4 Q-bosons 

There is a natural deformation of the phase model considered above. The algebra (TT5l 
is the Q = limit of the so-called Q-boson algebra generated by operators B, B^ and N 

[N, B] = -B, [N, B+] = B\ [B, B^} = Q N . (26) 
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This algebra has been extensively studied e.g. in [6], [TIE], and it appears also in the context 
of quantum groups [10]. We choose the following realization of this algebra in the Fock 
space T 

B*\n) = \n+l), B\n) = [n)\n- 1), B|0) = 0, N\n)=n\n), (27) 
with the scalar product given by 

(n\n) = [n}\ (28) 

where we introduce the notation 

On the other hand, for Q = 1 the Q-boson operators become ordinary bosons B — > 6, 
fit -> 6 f , which satisfy [6, 6 f ] = 1. 

Similarly as for the phase model, we consider the tensor product Fock space i fPTJ ) with 
M + 1 components jFj and corresponding operators Bj,Bj,Nj. We again associate the 
states in this Fock space with partitions (up to subtlety concerning the number of zero- 
energy particles n ) 

M 

|A> = h)*. (30) 

i=0 

From the scalar product (1281 we get the norms of the iV-particle states 

m U N ~ l{x) (l-O j ) 
(A|A) = JIN' = ( i_g r & a(Q), (31) 

with 6a (<5) defined as in (jHJ). 

The generalization of the hamiltonian ( |T6l ) to the Q-boson case has the following form 

M 

2 



1 M 

H =-oH ( B i B ^ + S ^J+i - 2iV • ( 32 ) 



i=0 

Writing 



Q = e" 7 (33) 



with < 7 G 1, the parameter 7 can be interpreted as a coupling constant associated 
to interacting terms arising in the expansion of H. Small coupling 7 corresponds to the 
free boson limit with the free hopping model hamiltonian. On the other hand, the limit of 



J it differs from the algebra in [12] by the normalization of the state \n) 
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vanishing Q corresponding to the phase model can be interpreted as the strong coupling 
limit with 7 — > 00 [7]. 

Similarly as in the phase model, the solution of the Q-boson model is encoded in terms 
of the monodromy matrix 



T(u) = L M (u)L M _i(u) ■ ■ ■ L (u) = u M 
with L-matrices of the form 

LAu) = 



A(u) B(u) 
C{u) D(u) 



u- L B t 

;i - Q)Bi u 



i = 0, . . . , M, 



depending on the spectral parameter u. L-matrices and the monodromy matrix satisfy the 
intertwining relation as in (TT9l) . but with the deformed .R-matrix 



Rq(u,v) 



f(v,u) 

g(v,u) Q- 1 ' 2 
QV2 








g{v,u) 
f(v,u) 



with 



f( v > M ) = 72 ' ^' = 77777772 



u z — v z — V 

This i?-matrix is related to (l20l) by the limit limg^ Rq(u, v) = R(u, v). The creation B(u), 
annihilation C(u), as well as A{u) and D{u) operators are defined as the components of 
the above monodromy matrix, in the same way as in (I2TT) . 



4.1 Q-bosons and Hall-Littlewood polynomials 

We now extend the relation (12^) to the correspondence between the Q-boson state and 
Hall-Littlewood functions. In the realization (127]) . the relevant functions are those given 
in (S3l) 

M 

](<g)\n l ) i )=Qx(x,Q), with A = l" 1 2" 2 .... (34) 

Let us expand the creation operator as B(u) = ^2^f =0 u 2k bk- We show first (slightly 
modifying the proof in [12]) that in the algebra of symmetric functions bk acts as the 
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multiplication by q k given in (!17|) . It is convenient to introduce the notation Bj = Bj, Bj = 
Br\ \ j = £°, so that 

6 fc = ^ (l-g^-^s^.-.So* 

where e G {0, 1}, the highest non-vanishing e\ = 1, ^ 1 and Yli3 e j = k- Acting on 

a state corresponding to the Hall-Littlewood polynomial P M , the operator Bj inserts one 
row of length j, while Bj either removes one row of length j, or annihilates this state in 
case it did not contain any row of such length. This produces a state corresponding to 
certain partition A. We therefore have rij(A) = + where the number of rows of 

length i is given also by rii(X) = A* — A* +1 . Introducing the skew diagram 9 = A — //, we 
find 9\ = 9\ +l + Tii(X) — rii(fi) = 9\ +1 + e» G {0, 1}. Because Cjej+i ^ 1, this means that 9 is 
a horizontal strip (it has at most one box in each column), while the condition Ylj e j = ^ 
implies that 9 consists of k boxes. Therefore 9 is a horizontal fc-strip and 

b k p,= c (^ A ) p A, 

X:X/^eH k 

and coefficients c(/i, A) contain a factor (1 — Q) associated with each operator Bj 1 

and the realization f l27l) . Such factors arise for €j = —1, which means that 9j < 9j + i, so 
that the set of such j's is precisely the set J introduced at the end of the Appendix. This 
way we get 

c(^\) = l[(l-Q n ^ ) ) = ^x / »(Q) 

where the function ip\/^{Q) is given in (l50l) . Finally, from Pieri formula (Ti9l) we see that 
bk indeed acts as a multiplication by the symmetric function q^. 

Moreover, this means that the operator B(u) corresponds to Yl!k=o u2k< lk(xi), which can 
be treated as a specialization to finite number of variables of J2h=o u2k( lk{xi) = Q(u 2 ) given 
in (pl8l) . Applying the operators B{uj) N times and using (Ti6l) we get 

N _ n 2 

a n = n i _ 2 = e ^ • • • > n ^ 

3=1 1,3 J X 

and therefore, with |A) as given in ( 1301 ) 

TV 

5( % )|0) = £ P A « ...,4; Q)|A). (35) 

3=1 X 

This statement is the counterpart of the relation ( TlBl ) in the deformed boson-fermion corre- 
spondence. The precise agreement we get in the limit M — ► oo; in particular, in this limit 
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we can identify Q-boson operators B{u) with the deformed vertex operators T_(m 2 ) (JHJ). 
For finite M the Q-boson model provides a generalization of the deformed boson-fermion 
correspondence. 



4.2 Examples 

Let us fix M = 2. By the straightforward expansion of the operators B(u) into com- 
ponents we find 

B{u) = B\+ u 2 (1 - Q)bIb x B\ + u 2 B\ + u 4 B\. 
Applying three such operators to the vacuum we get the decomposition 

B( Ul )B(u 2 )B(u 3 )\0) = J2 P ^|A) 

AC [3,2] 

where the sum runs over Young diagrams with at most 3 rows and 2 columns, and the 
coefficients are indeed Hall-Littlewood polynomials 



P.(ul,ul,ul;Q) 



(ul,ul,ul;Q) 
P^jp (ul,ul,ul;Q) 
Pro (ul,ul,ul;Q) 
Pn (ul,ul,ul;Q) 



1. 



P □ K, u 2 , u 3 ; Q) = u 1 + u 2 + u 3 
u\ + u\ + u\ + (1 — Q)(ulul + u\u\ + u\vfc) 

2 2 i 2 2, 22 

u 1 u 2 + u x u 3 + u 2 u 3 

24, 24, 24, 24, 24, 2 4 , /o /~i /02\ 2 2 2 

u x u 2 + u 2 u x + u 1 u 3 + + m 2 m 3 + u 3 u 2 + (2 — Q — Q )-u 1 -u 2 -u 3 

UjU 2 + u\u 3 + -U2 M 3 + (1 — Q)u\u 2 u\(u\ + ul+ Mg) 



2 2 2 



r> I 2 2 2 ri\ 2 2 2/ 2, 2 , 2\ 

"m(«i, u 2 , u 3 ] Q) = w 1 M 2 ii 3 (w 1 + m 2 + u 3 ) 



till /ON 444 r> / 2 2 2 n\ 22 2/ 22, 22, 2 

{Ui,u 2 ,u 3 ;Q) = u^Uz, Prniu^u^u^Q) =u 1 u 2 u 3 (u 1 u 2 + u 1 u 3 + u 2 u 



For M = 3 we get 



b(u) = bIWb\WbI+u 6 bIW(i-q)(bIb 1 bI+bIb 2 bI)W(i-q)(bIb 1 bI+^^^ 



t R Rt i fit D ot^ 



?t D E?t i Rt R R'h 



The decomposition of the state 



B( Ul )B(u 2 )\0) = P a|A) 

AC[2,3] 



is also given by the sum runs over Young diagrams, this time with at most 2 rows and 3 
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columns, and the coefficients are the appropriate Hall-Littlewood polynomials 



P.{ul,ul;Q) 

Pm (ul,u 2 2 ;Q) 



P 
P 



m 

'B 

B3 



Pn (ulu\-Q) 
Pm {ulul-Q) 



% + u 2 



1 2 



P U (ul,ul;Q) =u\ + u 2 2 



;i - Q)uW 2 

2 „.2. 



Pr 



12 2 rW 2 4, 2 4 

m U 2 ] Q) = u x u 2 + u 2 u x 
TD (uj, u\\ Q) = u\u% + u\u\ 
u\u\ + u\u\ + {\-Q)u\u\ 



u\u\, P 



6„.6 



P m K, u£ Q) = (1 - Q){uiu$ + u l 2 u\ + u\ + «*) 



5 Topological strings on the conifold 

The A-model topological string partition function on C 3 is given by the MacMahon 
function 

z t j=M( q) = n i _ * 

m,n>l 

and it has been related to the topological vertex and the counting of plane partition in 
1 1 6 j . The generating function of plane partitions can be written as a fermionic correlator 
involving the standard vertex operators T±~ (z n ±) with a particular specialization of the 
values of 

^ ± = g ±(m - 1/2) . 

Let us consider the same correlator as in [16] with the same specialization of z's, but 
with vertex operators replaced by their deformed versions ([5]) 

Zq = <oin r +(^" V2 ) II r-(g- {m " 1/2) )|0). (36) 

n>l m>l 

We expect to get a modification of the C 3 partition function. Using the commutation 
relations (J6j) , or the deformed boson-fermion correspondence (fT2|) together with the scalar 
product in the algebra of symmetric functions (l4~5l) . the above expression leads to 



1 r\„m+n—l 

Z Q = II i _ l+n-i = E p » p Mp) = £ P.PMQ) = zlZMQ)- (37) 

m,n>l [i,v n 

This reproduces the A-model topological string partition function on the resolved conifold, 
if we assume that 

Q = e~\ 
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where t is the Kahler parameter of the conifold. Moreover, using the identification of the 
vertex operators T± with the Q-boson operators B and C, the parameter t can be identified 
with the Q-boson coupling constant (1331) . 

We could perform a similar calculation from the point of view of Q-bosons. From the 
statement fl35l) we get a similar sum as in (1371) . involving the scalar product now 
with these states corresponding to Q-boson states. Nonetheless, there is a subtlety related 
to the number of zero-energy states n mentioned earlier. In the Q-boson case the scalar 
product has the form (I3TT) . so apart from the b^{Q) factor we are interested in there arise 
also some prefactors, which can be discarded for infinite N . However, for finite N (which 
would correspond to counting partitions in a box of finite size), the correlator (l36l) with r_|- 
replaced by Q-boson operators B and C would lead explicitly to an answer which differs 
by these prefactors. 

The relation between topological strings, plane partitions and fermions was also ex- 
tended to include topological A-branes in [18], where it was shown that a correlator of a 
fermion field 

tf$o(*) = r: x (z)r + (z) 

(with zero modes discarded) reproduces the open topological string partition function for 
the A-brane. We can repeat this computation in the case of the deformed operators, upon 
inserting ip^ ( |36l) . This yields 

N+l oo 

z Q = <oinr + 0f- 1/2 ) n r -(^ (m_1/2) )^o(r (iV+1/2) ) n r_(<r (m - 1/2) )|o> = 

n>l m=l m=N+2 

= ZZifoiM^tt^Ql (38) 

where L(a) is the quantum dilogarithm (in the multiplicative notation) with the open string 
parameter a = q N+l / 2 . This indeed reproduces the partition function of the A-brane, after 
discarding the factor 

Qq m 



t{Q,Q)= 



m>l 



Similarly as before, this can be translated into the Q-boson language. 



6 Summary 

In this paper we reviewed two integrable models - free fermions and strongly correlated 
bosons - and discussed their deformations, which can be realized in the same way in 
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the algebra of symmetric functions in terms of Hall-Littlewood polynomials. Without 
a deformation, one can derive the generating functions of plane partitions using either 
of these systems, which reproduces the topological string partition function on C 3 . We 
showed that the deformation of both systems leads to a deformed partition functions, 
which coincide with the partition function of the resolved conifold, with or without an 
A-brane. The Kahler parameter of the conifold is identified with a deformation parameter. 

First of all, there should be some deeper physical reasons why such different physical 
systems have deformations which are described by the same functions. In particular it 
would be interesting to realize the deformed boson-fermion correspondence and Q-bosons 
more explicitly in the context of topological strings. For example, the appearance of 
undeformed free fermions was related in [2T] by a series of string theory dualities to a 
system of intersecting branes in the presence of the B-field. It would be nice to extend 
that picture to include the deformation considered in this paper. 

It is also tempting to understand whether underlying integrability of the strongly cou- 
pled bosonic chain could reveal some new features of the topological string theory, both in 
undeformed and deformed case. 

One could also generalize the present work in many directions. On one hand, there are 
more general deformation of the boson-fermion correspondence, related to other families 
of Schur functions [5]. For example, replacing the commutation relations ([3|) by [a m , a n ] = 
m ilQim| fim-n leads to the Macdonald polynomials, which apparently appeared also in 
the context of topological strings and the so-called refined topological vertex [22l [23] . 
On the other hand, on could generalize the computation of generating functions of plane 
partitions to more involved containers, and find their proper interpretation. Although such 
a computation is in principle possible in the free fermion framework [HI EH], the Q-boson 
model seems to be even better well-suited in this context [TH H21 [13] . 
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Appendix - symmetric functions 



In this appendix we review a few properties of symmetric functions [24] which we need 
in our analysis. Let A = Z[xi, X2, ■ ■ ■} denote the ring of symmetric polynomials. This ring 
is graded with respect to the degree of a polynomial k 

A = 0A fe . 

fc>0 

One can extend this ring by introducing an additional parameter Q, which leads to the 
ring 

A <g> Q(Q) 

of symmetric functions over Q(t). 

There are several useful basis of A <g> Q(Q), which are parametrized by partitions. The 
Newton polynomial = YliPm are expressed by power sums p n = Yli x l- Monomial 
symmetric functions m M are sums of all distinct monomials obtained from x M = J] 1 by 
permutations of x%. Elementary symmetric functions e M = Y[ are determined in terms of 
the generating function E(t) = J2k>o ek ^ k = Ylki^ + tXk). Similarly, complete symmetric 
functions — Yl h m are determined by the generating function H(t) = J2 k>0 h k t k = 
jQ fc (l — tx k )~ x . Schur functions are given as 

= det(/i w _ i+i ) = det(e M i_ i+J ). (39) 

One also introduces a scalar product on the space A £g> Q(Q) by requiring that 

(PvPu) = z R {Q)5 liV , (40) 

where, using the notation (JTTJ) , 

^Th^-r (41) 

We are particularly interested in Hall-Littlewood symmetric functions. There are two 
kinds of such functions, given by 

P^...,x n ;Q) = ^E^-^n^f 1 )' (42) 
Q^xi, ...,x n ;Q) = b li P li (xi,...,x n ;Q)= (43) 



WESn i<j % ^ 
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where 

i>i i=i ^ 

w) = n^w^)' ^(Q)=n( 1 -^)- ( 44 ) 
»>i i=i 

Hall-Littlewood symmetric functions interpolate between the Schur functions and the 
monomial symmetric functions, 

P M (x; 0) = s^x), Pfj,(x, 1) = m^{x). 

The functions P M and are dual to each other with respect to the scalar product (j4DL 
so that 



and they satisfy 



P„ Q v ) = 6^, (P„ P v ) = {Qfj,, Q v ) = 6 M (Q) t^, (45) 



e = e qw*. = n ( 4e ) 

For a partition \i = (r) consisting of a single row of r boxes, the generating function of 
q r (x,Q)=Q {r) (x,Q) = (l-Q)P (r) (x,Q) (47) 

is equal to 



Finally, let 7i r denote the horizontal r-strip, i.e. a skew partition 6 = \ijv whose 
columns consist of at most one box, i.e. Q\ G {0, 1}. Then we have the following Pieri 
formulas 

P ^r= E VX/u(Q)P\, Q^r = E V»A/i/(Q)Qa, (49) 

X:\/veHr \:\/v£H r 

where sums run over all diagrams A D v such that Xjv is a horizontal r-strip, and 

where the set J consists of integers i > 1 such that ^ > (so equivalently = 1 and 
9' i+1 = 0), while the set J consists of integers j > 1 such that 6^ < (so equivalently 
9'a = and = 1). One can verify that 

<Px/AQ)/1>x/»(Q)=bx(Q)/b (t (Q). 
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